Abstract: Branchina et al and Consoli have recently shown that the one-loop effective potential (1LEP) of massless λφ 4 theory can be renormalized in two distinct ways. One of these is the conventional renormalization of Coleman and Weinberg. The other requires an infinite wavefunction renormalization, and is very similar to the "autonomous" renormalization of the Gaussian effective potential. We apply the "autonomous" renormalization to the 1LEP of the SU (2) × U (1) electroweak theory with zero bare Higgs mass. The predicted physical Higgs mass is 1.9 TeV.
Only recently has it been realized that the familiar 1-loop effective potential (1LEP) can be renormalized in two distinct ways [1, 2] . The renormalization-group (RG) equation satisfied by the 1LEP of massless (λφ 4 ) 4 theory is compatible either with the positive, perturbative β function and an anomalous dimension γ = O(λ 2 ) (as in Coleman and Weinberg [3] ) or with a negative β function and γ = β/(2λ). The latter possibility [1, 2] , which directly parallels the so-called "autonomous" renormalization of the Gaussian effective potential (GEP) [4, 5, 6, 7] , corresponds to an asymptotically free theory with an infinite wavefunction renormalization (rescaling of the classical field) such that λφ 2 is an RG-invariant combination. As stressed by Refs. [1, 2] , this approach suggests that the Higgs mass is of order 2 TeV. They also argue that its width will be relatively narrow [1, 2] .
Some immediate comments are in order: The conventional, perturbative picture does not allow a Higgs mass greater than about 1 TeV [8] . This is not a "bound" on the Higgs mass: Rather, it is statement about where the perturbative description breaks down. A heavy Higgs, in the conventional view, has a large width due to large Higgs-to-longitudinal-W, Z couplingswhich are the manifestation of large self-couplings in the scalar sector. In the picture envisaged here [1, 2] the scalar sector, while it has a non-trivial effective potential, has its self-interactions effectively "squelched" to zero by an infinite wavefunction renormalization. Thus, there would be no large Higgs-to-longitudinal-W, Z couplings, and the Higgs would be relatively narrow. We discuss this a little further at the end.
In this letter, we describe the "autonomous" renormalization of the 1LEP in a simple fashion, and show that it generalizes to any renormalizable theory of scalars, fermions, and gauge bosons that is "classically scale-invariant" (CSI) (that is, all terms in the Lagrangian have dimension 4). The CSI property means that all physical masses arise from spontaneous symmetry breaking (SSB), and are proportional to the vacuum value of the scalar field. We consider in particular the SU (2) × U (1) electroweak theory, making the hypothesis that the bare Higgs mass is zero. This hypothesis was once very popular [3, 9, 10] , especially in connection with the gauge-hierarchy problem, but went out of favour when its apparent consequence, a 10 GeV Higgs, became ruled out by experiment. However, with the "autonomous" renormalization, as we shall show, the physical Higgs mass is predicted to be either 10 GeV, or 1.9 TeV.
1.
We begin by discussing the simple case of massless λφ 4 theory:
The unrenormalized 1LEP is simply
where I 1 (Ω) is the quartically divergent (Euclidean) integral
which corresponds (up to an Ω-independent, infinite constant) to the vacuum energy of a free field of mass Ω. A convenient formula for I 1 (Ω) is
where I 0 and I −1 are, respectively, quadratically and logarithmically divergent integrals:
and the finite function f (Ω 2 ) is given by
This formula, (4), is basically a Maclaurin expansion of I 1 in powers of Ω 2 , except for the complication that "I −1 (0)" is infrared divergent. It is easily derived from the formulas in Ref.
[11], Sect. IIIB, which are themselves are obtained by Taylor-expanding the I n integrals about Ω 2 = µ 2 , where µ is some finite mass scale. Note that the I n integrals, which we have defined here as 4-dimensional Euclidean integrals, also have a simple form as 3-dimensional integrals over spatial momenta [11] . In dimensional regularization I 1 (0) = I 0 (0) = 0, so effectively
with I −1 containing the divergent 1/ǫ pole term. Thus, one can write:
Conventionally, this would be renormalized by writing λ B = λ R (1 + 18λ R I −1 (µ) + ...) and dropping "higher-loop" terms [3] . However, one can also obtain a finite, non-trivial result with an "autonomous" renormalization in which the bare coupling constant is infinitesimal and the classical field is infinitely re-scaled (Cf. [5] ):
where Z φ is proportional to I −1 (µ). Inserting into (9), the potential becomes:
Thus V 1l becomes finite ifλ satisfies the constraint
The wavefunction renormalization constant can be determined by the following argument [1, 2] : The bare and renormalized two-point functions are related by Γ (2)
R and at zero momentum Γ (2) B is given by the second derivative of the effective potential, evaluated at the vacuum, ϕ c = ϕ v . The renormalized inverse propagator Γ (2) R at zero momentum is just the renormalized Higgs mass squared, M 2 H , which is simply the vacuum value of Ω 2 , the mass argument of the I 1 integral. Hence, one has
On the LHS we differentiate (9) twice and evaluate at ϕ v (which is where the first derivative vanishes). On the RHS we substitute
Together with the constraint (12), this yields
The renormalized potential is given by
Note that the bare coupling constant has the form λ B = 1/(18I −1 (µ)) (which is the same form as in the GEP analysis [5] , except that the coefficient here is 1/18 instead of 1/12). This equation represents "dimensional transmutation", with λ B being traded for a finite characteristic-massscale parameter µ. We can, of course, swap µ for the vacuum value of Φ c (denoted Φ v ). In terms of that parameter we have
2. This renormalization procedure can also be applied to a general CSI theory containing scalars, fermions, and gauge fields. In these theories all bare masses are zero, and all physical masses are a consequence of SSB and are proportional to ϕ v . We consider the case of a massless O(N )-symmetric scalar sector with a λ B (φ 2 ) 2 interaction undergoing SSB to O(N − 1). The unrenormalized 1LEP is given by [12] :
The coefficients 4 and 3 correspond to the number of degrees of freedom of a Dirac fermion and a massive vector field, respectively. The "mass matrices" M s , M f and M g are each proportional to ϕ c . Thus, the one-loop potential can in general be written as:
where a i are numerical coefficients, and b i are bare coupling constants (or combinations of coupling constants and mixing angles). Note that the sum on i includes the scalar contributions, so some of the b i are proportional to λ B . Using (8), one can write:
Inserting the autonomous renormalization (10), supplemented by
one obtains
Thus, the potential can be made finite by imposing the constraint
(Cf. Eq. (12)). The renormalization factor Z φ is fixed by the relation (13), as before. The LHS can be computed directly from (21), yielding
Inserting (24) into the RHS of the last equation one obtains Z φ = 12π 2 I −1 (µ) as before. Substituting back into (24), the constraint between the coupling constants becomes
The renormalized effective potential is then given by
Its value at its minimum is given by
3. We now consider the simple example of the massless O(N )-symmetric λ(φ 2 ) 2 theory given by the Lagrangian density:
where a is summed over 1, . . . , N . A non-zero classical field breaks the O(N ) symmetry down to O(N − 1), so that there is one "radial" (Higgs) field and (N − 1) "transverse" fields. The unrenormalized one-loop potential is
where the radial and transverse masses, Ω and ω are given by
so we can apply our general result with a 1 = 1,
The constraint (26) in this case leads to the simple equation
and the renormalized effective potential is given by
4. The same renormalization procedure can also be applied to the SU (2) × U (1) case. The Lagrangian density, omitting fermions, is:
where
The Higgs field is a complex doublet, φ = (φ + , φ 0 ), containing four real fields,
With this convention the classical field is chosen to be in the φ 3 direction. Note that (φ † φ) 2 = 1 4 (φ a φ a ) 2 , so the scalar sector is just O(4) λ(φ 2 ) 2 , as in Eq. (29). The presence of a classical field induces gauge-boson mass terms in the Lagrangian. As usual, one must define
in order to diagonalize these terms, which then become
Hence the mass parameters as a function of the classical field are given by
with the physical masses, M 2 W and M 2 Z , being given by these expressions with ϕ 2 c set equal to its vacuum value ϕ 2 v . The one-loop potential is given by:
with Ω and ω as in Eq. (31). To renormalize the potential, we set
The constraint (26) in this case leads to
Since
with e 2 =ê 2 /Z φ we can simplify (45) and write
or, in terms of the masses:
With Φ v = ( √ 2G F ) −1/2 = 246 GeV, M W = 80 GeV, M Z = 91 GeV [13] , this equation leads to two possibilities for the Higgs mass, namely:
The first possibility corresponds to a weak coupling regime where theλ 2 term in (47) is negligible. However, a Higgs mass below 48 GeV is now ruled out by experiment [13] . The second possibility corresponds to the last term in (47) or (48) being negligible, due to the smallness of the finestructure constant α =ê 2 /(4π 
Allowing for a colour factor of 3, the top-quark contribution to the 1LEP is −12I 1 (g t ϕ c ). From the general form of the constraint equation, (26), and defining g 2 t =ĝ 2 t /Z φ , one sees that the top quark produces an extra term +12ĝ 4 t on the LHS of Eq. (45). The new equation, in terms of the particle masses can be written as:
a consequence of the infinite field re-scaling: fluctuations that are finite on the scale of ϕ c are infinitesimal on the scale of Φ c : thus, they only sample the quadratic dependence of V eff in the immediate neighbourhood of its minimum. Three-and higher-point Green's functions are "squelched" by 1/Z 1/2 φ factors. In a pure O(4) λφ 4 theory, then, we would expect SSB, giving one, free, massive Higgs and three, free, massless Goldstone bosons.
In the Standard Model these Goldstone bosons are "eaten" and become, essentially, the longitudinal polarization states of the W, Z bosons. The Higgs boson is not free because it now has gauge and Yukawa couplings. However, contrary to the conventional heavy-Higgs scenario, it would not have strong couplings to the longitudinal W, Z, because the would-be scalar selfinteractions are infinitely suppressed by 1/Z 1/2 φ factors. This means that the 2 TeV Higgs of this picture is a relatively narrow resonance, decaying principally to tt. It would also mean that W W -scattering, off resonance, is weak. Clearly, the question of producing and detecting such a Higgs at the SSC needs to be studied in detail.
